Abstract. Recent progress in the development of lanthanide and actinide relativistic energy-consistent ab initio pseudopotentials is reported. Lanthanide 4f-in-core and actinide 5f-in-core pseudopotentials form an efficient tool for quantum chemical ab initio and first-principles calculations on larger systems, whenever the detailed electronic structure of the f shell is not of primary interest. The reliability of the 4f-in-core approximation is demonstrated for molecular lanthanide trihalides by comparison of calculated structural data with recommended experimental values. Due to the scarceness of experimental reference data the calibration of the 5f-in-core approximation is performed with respect to results from other more rigorous calculations. Lanthanide 4f-in-valence and actinide 5f-in-valence pseudopotentials allow the study of individual electronic states arising from a given f occupancy in a system. Recent progress to develop highly accurate small-core pseudopotentials which model all-electron calculations using the Dirac-Coulomb-Breit Hamiltonian is summarized and first applications are outlined.
INTRODUCTION
Relativistic ab initio effective core potentials (ECPs) [1, 2] are still a workhorse in quantum chemical calculations of heavy element compounds, despite the development of various practical relativistic all-electron (AE) schemes during the last two decades. ECPs restrict the explicit quantum mechanical treatment to the valence electron system and thus lead to computational savings with respect to AE approaches. Moreover and even more important, ECPs allow for an implicit inclusion of the most important relativistic contributions into formally non-relativistic calculations. ECPs essentially fall in two categories, i.e. model potentials (MPs) keeping the correct radial nodal structure of the valence orbitals [3] and pseudopotentials (PPs) working with pseudo-valence orbitals exhibiting a simplified radial nodal structure [1, 2] . Since the PPs require less extended basis sets than MPs, they have been more popular among computational chemists than MPs. Among the mostly used PPs are the so-called shape-consistent ab initio sets provided by Hay and Wadt for main group and transitions metals [4, 5, 6] , of Stevens, Krauss, Cundari and coworkers for most elements except the actinides [7, 8, 9] , as well as of Pitzer, Christiansen and collaborators for almost the entire periodic table [10, 11, 12, 13, 14, 15, 16, 17, 18] . Another quite frequently used variant are the energy-consistent ab initio PPs of Stoll, Schwerdtfeger, Dolg and coworkers [19, 20, 21, 22, 23, 24] . In contrast to the shape-consistent PPs which are derived from reference data defined in an effective one-particle picture for a single reference state, i.e. orbital energies and the radial shape of orbitals in the spatial valence region, the energy-consistent PPs are based on quantum mechanical observables, i.e. total valence energies of a multitude of electronic configurations and states for the atom/ion under consideration. Energy-consistent PPs in their most recent variant are adjusted to reference data taken from multi-configuration (MC) Dirac-Hartree-Fock (DHF) calculations using the Dirac-Coulomb (DC) Hamiltonian and including perturbative estimates of the Breit interaction (+B). Finite nucleus effects are usually also included, as well as sometimes higher order relativistic corrections [25, 26, 27, 28, 29, 30, 31, 32, 33, 34] .
In this contribution we will focus on recent developments of relativistic energy-consistent PPs for elements with open f shells, i.e. lanthanides and actinides [35, 36, 37, 38] . These elements are probably the most difficult to deal with for quantum chemists, not only due to the large number of low-lying electronic states arising from open f shells, but also due to the large relativistic effects and correlation effects. The importance of the latter two contributions is obvious for example from studies of the third and fourth ionization potential of lanthanum and cerium, respectively. Fig. 1 reveals that both effects are larger when the compact 4f shells are involved in comparison to the more diffuse 5d shells (left side). The accurate ab initio evaluation of the correlation contributions is feasible, but suffers from the slow convergence of the results with basis set size (right side). We will briefly discuss two approaches for PP-based 4 of Ce in spin-orbit corrected CCSD(T) calculations using energyconsistent relativistic small-core pseudopotentials and up to (16s15p12d10f10g10h10i) valence basis sets [74] .
the mentionned difficulties arising from the open f shell by attributing it to the PP core (f-in-core PPs) and a more involved one treating the f shell explicitly in the valence (f-in-valence PPs). Whereas the former approach allows to get information for all electronic states belonging to the same superconfiguration [39] , i.e. all states with the same valence substate and the same f occupation on the lanthanide/actinide, the latter approach is able to study individual electronic states, although with a much higher computational effort.
METHOD
The energy-consistent PP approach is outlined here only very briefly. More detailed descriptions may be found in several review articles as well as the references to original work therein [1, 2] . The molecular valence-only model Hamiltonian for n v valence electrons used in the current work can be written aŝ
Here i and j are electron indices and λ and µ core/nucleus indices. Q λ and Q µ stand for the core/nucleus charges. The first term corresponds to the kinetic energy of the valence electrons, the second one to the interelectronic Coulomb interaction. The third term stands for the electron-core/nucleus interaction and the fourth term represents the point charge Coulomb repulsion between cores/nuclei. In case of very large overlapping cores correction terms may follow the leading Coulomb repulsion. The fifth and last term is the core-polarization potential (CPP) which accounts for static and dynamic core-valence correlation. The electron-core/nucleus interaction is written as a sum of atomic contributions with a leading point charge Coulomb contribution and a correction term
In the semilocal approximation the latter is written as a sum over products of radial potentials and projectors onto the spherical harmonics associated with core λ
The ansatz described so far is suitable for scalar-relativistic PPs. In case that spin-orbit (SO) interaction is considered, the correction term is written as a sum over products of radial potentials and projectors onto the spinor spherical harmonics associated with core λ
The sums over l and l j are usually terminated at l values which are larger than the highest l value present in the core λ by one or two. The CPP is only at frist glance a simple sum of atomic contributions, i.e.
Since the electrostatic field at core/nucleus λ depends on all other core/nuclei and all valence electronŝ
the final expression forV cpp also contains two-electron contributions. Since the underlying multipole expansion is not valid when the polarizing charges approach the site of the polarized core, cut-off functions have to be applied for the electron-core and core/nucleus-core distances, i.e.
The radial potentials V λ l and V λ l j usually have the form of a linear combination of Gaussian functions times powers of r λ i , with the expansion coefficients and the exponential parameters being free for adjustment to suitable reference data. In case of the energy-consistent PP approach the free parameters for a given atom λ are chosen in such a way, that the following expression becomes a minimum:
Here E PP I and E AE I denote the total valence energies for the electronic LS-or LSJ-state I of the atom under consideration from PP and AE reference calculations. The weights w I are usually chosen to give the same overall weight to all configurations included in the fit, independent from the number of underlying LS or LSJ states. The older onecomponent PPs used reference data obtained from the scalar-relativistic Wood-Boring (WB) Hartree-Fock scheme [40] and were partly augmented by two sets of valence SO terms to be used in first-order perturbation theory or valence-only self-consistent SO treatments, respectively. The more recent two-component PPs make use of MCDHF reference data obtained with the finite nucleus DC Hamiltonian and a perturbative treatment of the Breit interaction [41] . Whereas the adjustment of the older WB-based PPs typically comprised 10 to 20 LS states, the newer MCDHF/DC+B-based PPs are adjusted to several hundred or even thousand LSJ levels. In the adjustment of newer PPs a small shift ∆E shi f t of the core energies is considered, which does not change low-energy valence spectrum of the atom, but allows a higher overall accuracy as well as the inclusion of higher ionized states [30] . From the left part of the figure it is clear that when modelling a trivalent Ce (with a 4f 1 subconfiguration) or a tetravalent Th (with a 5f 0 subconfiguration) only small errors of at most 0.01 eV arise when 11 and 12 electrons are treated explicitly in the valence shell, respectively. Thus, for a fixed f occupation number a large-core PP (LPP) or f-in-core PP approach may be adopted without significant loss of accuracy. In order to achieve the same accuracy also for a variable f occupation number, one has to use a significantly smaller core with 30 electrons treated explicitly, as implied by the right part of the figure. Despite the relatively large number of valence electrons these small-core PPs (SPP) or f-in-valence PPs still allow to use significantly smaller basis sets than in the most favourable AE case, e.g. for the lanthanides. FIGURE 2. Frozen-core errors (eV) for Ce and Th from AE DKH/DC calculations [41] . The cores have a charge Q and were taken from the Ce 4f 1 5d 1 6s 2 and Th 6d 2 7s 2 ground state configurations. The configurations are ordered according to increasing f occupation number and for a given f occupation with increasing d occupation number.
Choice of the Core

f-in-core Pseudopotentials
The initial motivation to generate f-in-core PPs originated from the wide-spread chemical knowledge that the 4f shells of the lanthanide atoms are not actively participating in chemical bonding, which was supported by early quantum chemical studies [35] . A similar ansatz avoiding the explicit treatment of the 4f shell was previously used in semiempirical calculations [42] . Field advocated the so-called superconfiguration model to rationalize the complex spectra of lanthanide diatomics auch as LnO or LnF [39] . A superconfiguration is defined to consist of all electronic states with a common valence substate, arising from all partially occupied orbitals besides 4f, and a common 4f occupation on the lanthanide. Independent from the explicit electronic coupling within the 4f shell, i.e. independent of the 4f substate, and independent from the explicit electronic coupling between the 4f shell and the valence shells all states belonging to a superconfiguration usually have very similar spectroscopic constants.
A typical example is CeO, which might be looked at as a Ce 2+ O 2− ionic system. Here the Ce 6s and 6p orbitals strongly hybridize and form a diffuse singly occupied σ valence orbital localized essentially on Ce, pointing away from the O 2− ion. Thus a 2 Σ valence substate arises. The other electron on Ce is in the atomic-like 4f shell and from the atomic 2 F substate molecular 2 Σ, 2 Π, 2 ∆ and 2 Φ substates result. Coupling of the two substates leads to 1,3 Σ, Π, ∆, Φ states belonging to the 4f 1 σ 1 superconfiguration. These ΛS states, which correspond to 16 Ω states, are energetically separated by about 0.3 eV (0.5 eV with SO effects) and have bond lengths of 1.82-1.83 Å and vibrational constants of 830-840 cm −1 [43] . Table 1 summarizes results obtained with a Ce 4f 1 -in-core PP, which directly yields results for the superconfiguration, and compares them to those obtained with a 4f-in-valence PP. Since Ce keeps one of its four valence electrons in the PP core and leaves three in the valence space, the Ce 4f 1 -in-core PP models a trivalent FIGURE 3 . Radial densities of valence shells of uranium in the 5f 3 6d 1 7s 2 ground state configuration from SPP WB (left) [24] and SPP MCDHF/DC+B (right) [58] calculations in comparison to AE MCDHF/DC results [41] .
Ce atom. The 4f-in-core PP approach can be combined with simple ligand field theory in order to estimate individual levels of the superconfiguration under investigation [44] .
For lanthanides 4f-in-core PPs for di-, tri-and tetravalent cases have been adjusted and valence basis sets of various sizes, including ones suitable for solid state calculations, were optimized [20, 45, 46, 47] . Only electrons with n ≥ 5 are treated explicitly in the valence space, i.e. 10, 11 and 12 electrons for the di-, tri-and tetravalent cases. These PPs found numerous applications during the last two decades [35, 38] , including ones to solids [48] , and proved to be reliable, as long as the f occupancy of the state/configuration under study agrees with the one modelled by the PP.
Although the 5f shell of the actinides is radially more extended than the 4f shell of the lanthanides and for the lighter actinides also actively participates in chemical bonding, it proved to be possible to derive 5f-in-core PPs for actinides with valencies ranging from two to six [49, 50, 51] . Their applications saves a significant amount of computer ressources with respect to an explicit treatment of the 5f shell, especially with respect to AE calculations. However, the range of applicability is smaller than for the lanthanide 4f-in-core PPs and, as for these, it has to checked carefully if the state/configuration of interest corresponds to the f occupancy modelled by the PP. We note that f-in-core PPs also allow to calculate energy differences between states/configurations with different f occupation number, e.g. by using the experimental or calculated energy differences between the lowest atomic states/levels with the corresponding f occupations as a correction for the corresponding atomic energy-difference evaluated with f-in-core PPs. Although this procedure is quite rough, it turns out to be quite successful in practise as will be demonstrated below.
The f-in-core PPs rely on scalar-relativistic Wood-Boring reference data. Due to the severe approximation to include the f shell in the core it makes little sense to account explicitly for spin-orbit coupling in the valence space. However, static core-polarization and core-valence correlation turned out to be important [52] and thus the f-in-core PPs are usually supplemented by CPPs.
f-in-valence Pseudopotentials
If the f shell of a lanthanide or actinide atom is treated explicitly in the valence space and an accuracy of better than 0.1 eV is seeked also for energy differences between configurations with differing f occupation, one needs to use a small-core definition (SPP), i.e. include all orbitals with n ≥ 4 and n ≥ 5 in the valence space for lanthanides and actinides, respectively. The right part of Fig. 2 implies that PP errors for this choice of the core may be below 0.005 eV for energy differences between configurational averages. However, the existing sets of f-in-valence PPs are based on scalar-relativistic WB reference data [40] for typically 10-20 LS states with a target adjustment accuracy of 0.1 eV or better [21, 24] and thus do not come close in accuracy to the limits arising from the frozen-core approximation. They have been supplemented with SO terms to be used in first order perturbation theory for the valence orbitals as well as valence basis sets of polarized double-to quadruple-zeta quality [53, 54, 55, 56] .
Higher accuracy than with WB PPs was achieved for main group and transition metals with PPs derived from fullyrelativistic reference data [25, 26, 27, 28, 29, 30, 31, 32, 33, 34] . However, except for U, such new MCDHF/DC+B- based PPs have not been adjusted for f elements yet. The case studies for U prove that a significantly higher accuracy can be achieved with this type of PPs, and effects beyond the DC Hamiltonian such as the Breit interaction or even finite nucleus effects can be efficiently folded into the PP [2, 57, 58] . Thus results going beyond the accuracy of those from calculations applying e.g. the Douglas-Kroll-Hess Hamiltonian can be obtained in valence-only calculations [58] . The generation of such highly accurate PPs for all lanthanides and actinides is a task for the near future. In case of the U MCDHF/DC+B-based PP the reference data for the adjustment of the parameters up to f symmetry comprised 30190 J levels arising from 100 configurations of the neutral U atom to the U 7+ ion. The valence energies of the configurations are described with a root mean square error (r.m.s.e.) of 16 cm −1 , the individual J levels with one of 306 cm −1 ; the corresponding mean absolute errors (m.a.e.) are 12 cm −1 and 197 cm −1 , respectively [57, 58] .
In addition to the better performance in terms of energy differences, one can also observe for the MCDHF/DC+B SPP (Fig. 3 right) a better agreement of the radial densities of the valence shells with corresponding results of AE MCDHF/DC calculations than for the WB SPP (Fig. 3 left) . In the latter case the variational two-component treatment was restricted to the 5f, 6d and 7s shells, freezing the 5s, 5p, 5d, 6s and 6p shells in their scalar-relativistic shape, whereas in the former case all explicitly treated orbitals were variationally treated including the SO terms.
RESULTS
In the following selected results from recent calibration studies of f-in-core and f-in-valence lanthanide and actinide PPs will be briefly surveyed. For details the reader is referred to the original articles. [61] and PP+CPP [60] calculations are compared to values recommended by Kovacs and Konings (KK) [63] and Hargittai (H) [62] . The dashed lines denote deviations of ±2%
f-in-core Pseudopotentials
The 4f-in-core LPP (large-core PP) approach for lanthanides was tested for the lanthanide trihalides LnX 3 (Ln=La-Lu, X=F,Cl,Br,I) in the framework of density functional theory (hybrid functionals PBE0, B3LYP; gradient corrected functionals PBE, B-LYP, B-P) as well as wavefunction-based correlation treatments (CCSD(T), MP2, SCS-MP2) [59, 60] . Here we only report PBE0 results, since corresponding AE calculations applying the second-order DouglasKroll-Hess (DKH2) Hamiltonian have recently been published [61] . Figs. 4 and 5 show a comparison of the calculated Ln-X bond distances and atomization energies, respectively, with recommended experimental/estimated reference values [62, 63, 64] . The corresponding m.a.e. are listed in tables 2 and 3. The LPP results have been corrected by experimental atomic energy differences to the lanthanide atomic ground state, if the molecular and atomic 4f occupation differ [20] . In table 2 we also include values for results published recently for 4f-in-valence SPP (smallcore PP) PBE0 [61] and MP CASPT2 calculations [65] .
It is obvious that the 4f-in-core LPP+CPP PBE0 approach works as well as the more costly AE DKH2 or SPP PBE0 treatments, yielding very similar m.a.e. values for all series. Difficulties of the calibration become especially apparent from Fig. 4 . Two sets of recommended/experimental Ln-X bond lengths exist [62, 63] , which are typically quite consistently over-or underestimated by both the AE DKH and LPP+CPP PBE0 calculations. The deviations between these two recommended sets are larger than between the two theoretical approaches.
The computational effort of the LPP+CPP PBE0 approach is similar for all 60 molecules studied here, e. [61] and PP+CPP [60] calculations are compared to experimental and estimated values recommended by Myers (M) [64] . The dashed lines denote deviations of ±10%.
integral evaluation in C 1 symmetry amounts to less than 30 CPU seconds a Pentium IV 2.4 GHz personal computer. We note that in the LPP treatment the lanthanide and halogen atoms were treated as 11-and 7-valence electron systems, respectively, and effective CPPs were used on all nuclei. Without these core-valence correlation and static core polarization is not accounted for and somewhat larger errors arise. The corresponding results are parallel those obtained recently at the CASPT2 level with the MP approach. The SPP PBE0 results [61] are most likely affected by the neglect of relativistic effects arising from the halogen atoms, since SPPs were used for the lanthanides, whereas apparently a nonrelativitic Hamiltonian contribution was spplied for the halides. This might explain the increasing differences between AE DKH and SPP PBE0 results when going from lighter to heavier halides.
One may wonder if a 5f-in-core approach leads to reasonable results, since the actinide 5f shells are radially more extended than the lanthanide 4f shells. In fact it does as long as the f occupation number of the state of interest is equal or slightly larger than the integral f occupation modeled by the LPP core. An example are complexes of actinide An 3+ ions with water [66] or macrocyclic ligands such as texaphyrin [67] , which are found to be as stable as their lanthanide counterparts [68] . As illustration we show An-O bond distances and An 3+ -H 2 O binding energies for actinide monohydrate ions in Fig. 6 [49] . It is obvious that the 5f-in-core LPP approach is able to reproduce trends obtained with the more rigorous 5f-in-valence SPP approach as well as with AE DHF/DC calculations [69] . One should note however, that the latter suffer from basis set superposition errors due to the small double-zeta basis sets used for the water molecule. It is noteworthy that the 5f-in-core approach is also able to describe the d/f-π metal-ring bonding in actinocenes reasonably [70] . FIGURE 6. Actinide-oxygen distances (Å) and An 3+ -H 2 O binding energies (eV) from 4f-in-core (large-core, LPP) and 4f-invalence (small-core, SPP) pseudopotential restricted Hartree-Fock (RHF) calculations [49] in comparison to all-electron DiracHartree-Fock (AE DHF) results [69] . The arrows denote estimates of a correction of the basis set superposition error in the AE results taken from the corresponding lanthanide systems. Calculations for the lowest electronic state are denoted by low., whereas those for an average of states by avg..
f-in-valence Pseudopotentials
Energy-consistent f-in-valence WB SPPs supplemented by valence spin-orbit terms for usage in perturbation theory and corresponding optimized valence basis sets are available for lanthanides [21, 53, 54] and actinides [24, 55, 56] . In many studies atomic and molecular studies excellent results were obtained [36, 37] , cf. e.g. applications on molecules such as UF 6 [71, 72] , or solids such as UO 2 [73] .
However, the situation is not completely satisfactory and the limitations arising from the scalar-relativistic WB reference data as well as the limited accuracy of adjustment of ≈0.1 eV sometimes become obvious. A case were a calibration for the whole lanthanide series is feasible are the atomic ionization potentials, cf. table 4. At the HartreeFock level the m.a.e. for IP 1 and IP 2 are well below 0.1 eV, however those of IP 3 and IP 4 are ≈0.1 eV and ≈0.3 eV, respectively. One should note that e.g. IP 2 , IP 3 , IP 4 and the f to p excitation listed in table 4 were not in the reference data set for the PP adjustment. The overall accuracy at the PP level still is slightly better than the one of AE 
